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Direct limits of regular Lie groups
Helge Glo¨ckner
Abstract
Let G be a regular Lie group which is a directed union of regular
Lie groups Gi (all modelled on possibly infinite-dimensional, locally
convex spaces). We show that G = lim
−→
Gi as a regular Lie group
if G admits a so-called direct limit chart. Notably, this allows the
regular Lie group Diffc(M) of compactly supported diffeomorphisms
to be interpreted as a direct limit of the regular Lie groups DiffK(M)
of diffeomorphisms supported in compact sets K ⊆ M , even if the
finite-dimensional smooth manifoldM is merely paracompact (but not
necessarily σ-compact), which is new. Similar results are obtained for
the test function groups Ckc (M,F ) with values in a Lie group F .
Consider a Lie group G (modelled on a locally convex space) which is a union
G =
⋃
i∈I Gi of such Lie groups Gi, where (I,≤) is a directed set, Gi ⊆ Gj
for all i ≤ j in I and all inclusion maps ηji : Gi → Gj and ηi : Gi → G are
smooth group homomorphisms. It is natural to ask whether G is the direct
limit of the Lie groups Gi in the category of Lie groups and smooth group
homomorphisms; or, equivalently, whether a group homomorphism
f : G→ H
to a Lie group H is smooth if f |Gi : Gi → H is smooth for all i ∈ I. This
question and related ones (concerning direct limit properties of G as a topo-
logical group, as a smooth manifold, or as topological space) are fairly well-
understood if I = N, so that we are dealing with a union G =
⋃
n∈NGn of an
ascending sequence G1 ⊆ G2 ⊆ · · · of Lie groups (see [6] and the references
therein). For typical examples, consider a paracompact finite-dimensional
smooth manifold M ; then the group Diffc(M) of all smooth diffeomorphisms
ψ : M → M such that ψ(x) = x off some compact set is a Lie group. More-
over, DiffK(M) := {ψ ∈ Diffc(M) : (∀x ∈M\K) ψ(x) = x} is a Lie subgroup
of Diffc(M) for each compact subset K ⊆ M (cf. [17] and [12]). If F is a
Lie group with neutral element e and k ∈ N0 ∪ {∞}, then the “test tunction
group” Ckc (M,F ) is a Lie group, comprising all C
k-maps γ : M → F such
that γ(x) = e for x ∈M off some compact set K [4, 8, 10, 11]. For fixed K,
CkK(M,F ) := {γ ∈ C
k
c (M,F ) : (∀x ∈M \K) γ(x) = e}
is a Lie subgroup of Ckc (M,F ). If M with dim(M) > 0 is σ-compact, non-
compact and K1 ⊆ K2 ⊆ · · · is an exhaustion of M by compact sets, then
DiffK1(M) ⊆ DiffK2(M) ⊆ · · ·
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is an ascending sequence of Lie groups and
Diffc(M) = lim
−→
DiffKn(M)
holds as a Lie group and as a topological group, but not as a smooth manifold
(see [6]), nor as a topological space (see [20]). Likewise,
C∞c (M,F ) = lim
−→
C∞Kn(M,F )
holds as a Lie group and topological group but neither as a smooth manifold
nor as a topological space if M and the Kn are as before and F is a non-
discrete finite-dimensional Lie group.
For ascending unions G =
⋃
i∈I Gi with uncountable index sets I, hardly
anything is known concerning direct limit properties: neither general results,
nor results concerning concrete examples. Notably, in the case of a paracom-
pact finite-dimensional smooth manifold M which fails to be σ-compact, it
is an open problem whether
Diffc(M) = lim
−→
DiffK(M)
holds as a Lie group, and whether
Ckc (M,F ) = lim
−→
CkK(M,F )
holds as a Lie group for each finite-dimensional Lie group F (see Prob-
lem 17.13 in the extended preprint version arxiv.math/0606078 of [6]).
In this note, we explain that the situation improves if we restrict attention
to the class of Lie groups which are regular (in the sense recalled in Sec-
tion 1). Regularity is a key concept in infinite-dimensional Lie theory going
back to Milnor [18] (in the case of sequentially complete modelling spaces);
see [10], [12], and [19] for further information (cf. also [16]). Up to now, no
examples of non-regular Lie groups modelled on sequentially complete (or
Mackey complete) locally convex spaces have been found. Therefore, a focus
on regular Lie groups hardly poses a restriction.
We consider a Lie group G modelled on a locally convex spaces which is the
union G =
⋃
i∈I Gi of a directed family (Gi)i∈I of such Lie groups, as de-
scribed above. We assume that G “has a direct limit chart”, i.e., G admits a
chart around its neutral element e which is built up from compatible charts
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of the Lie groups Gi (see Section 1 for details). Then the following holds:
Theorem A. If the Lie group G is an ascending union G =
⋃
i∈I Gi of Lie
groups Gi and G admits a direct limit chart, then a group homomorphism
f : G → H to a regular Lie group H is smooth if and only if f |Gi : Gi → H
is smooth for each i ∈ I.
We record an immediate consequence:
Theorem B. If a regular Lie group G is an ascending union G =
⋃
i∈I Gi
of regular Lie groups Gi and G admits a direct limit chart, then G = lim
−→
Gi
in the category of regular Lie groups and smooth group homomorphisms. 
Now consider a family (Gj)j∈J of Lie groups Gj, where Gj is modelled on the
locally convex space Ej . Then the subgroup
G :=
⊕
j∈J
Gj :=
{
(gj)j∈J ∈
∏
j∈J
Gj : gj = e for all but finitely many j
}
of
∏
j∈J Gj can be made a Lie group in a natural way, modelled on the locally
convex direct sum
⊕
j∈J Ej (see [11], where the notation
∏∗
j∈J Gj is used for⊕
j∈J Gj). The Lie group
⊕
j∈J Gj is called the weak direct product of the
family (Gj)j∈J . If φj : Vj → Wj ⊆ Ej is a chart of Gj with e ∈ Vj and
φ(e) = 0, then
⊕
j∈J Vj := G ∩
∏
j∈J Vj is an open identity neighbourhood
in G and the map
φ := ⊕j∈Jφj :
⊕
j∈J
Vj →
⊕
j∈J
Wj ⊆
⊕
j∈J
Ej , (gj)j∈J 7→ (φj(gj))j∈J (1)
is a chart for G (cf. [11]). Among other things, weak direct products are
useful tools for the study of diffeomorphism groups and test functions groups
(cf. [6], [8], [11], and [12]).
Theorem C (Direct limit properties of prime examples).
(a) If G :=
⊕
j∈J Gj is the weak direct product of a family (Gj)j∈J of
Lie groups, then a group homomorphism f : G → H to a regular Lie
group H is smooth if and only if f |Gj : Gj → H is smooth for each
j ∈ J . Let F be the set of all finite subsets of J (directed via inclusion).
If G and each Gj is regular, then G = lim
−→Φ∈F
∏
j∈ΦGj holds in the
category of regular Lie groups and smooth group homomorphisms.
3
Now let M be a paracompact, finite-dimensional smooth manifold. Let K be
the set of compact subsets of M , directed via inclusion. Then we have:
(b) Diffc(M) = lim
−→K∈K
DiffK(M) holds in the category of regular Lie groups
and smooth group homomorphisms.
(c) If F is a Lie group and k ∈ N0 ∪ {∞}, then a group homomorphism
f : Ckc (M,F ) → H to a regular Lie group H is smooth if and only if
f |Ckc (M,F ) : C
k
K(M,F ) → H is smooth for each K ∈ K. If C
k
c (M,F )
and each CkK(M,F ) is regular, then C
k
c (M,F ) = lim
−→
CkK(M,F ) in the
category of regular Lie groups and smooth group homomorphisms.
Criteria ensuring that
⊕
j∈J Gj is regular are known (see [10]), and recalled
in Section 3. Notably, each weak direct product of finite-dimensional Lie
groups (or Banach-Lie groups) is regular. Criteria ensuring that Ckc (M,F )
and its Lie subgroups CkK(M,F ) are regular are known as well (see [10]) and
recalled in Section 3. Notably, Ckc (M,F ) and C
k
K(M,F ) are regular when-
ever F is a finite-dimensional Lie group or a Banach-Lie group.
Let G be a Lie group with tangent space g := L(G) := Te(G) at the neutral
element. We say that G has a smooth exponential function if there exists a
(necessarily unique) smooth function expG : g→ G such that expG((t+s)v) =
expG(tv) expG(sv) for all v ∈ g and s, t ∈ R, and
d
dt
∣∣
t=0
expG(tv) = v for all
v ∈ g. If G has a smooth exponential function and expG is a local C
∞-
diffeomorphism at 0, then G is called locally exponential. Every regular Lie
group has a smooth exponential function. Many important examples of Lie
groups are locally exponential (for example, all Lie groups modelled on Ba-
nach spaces), but there also are many important examples which fail to be
locally exponential (like the diffeomorphism group Diff(S) of the circle), cf.
[18], [12], [19]. We record an easy observation:
Theorem D. Let G be a locally exponential Lie group which is the ascend-
ing union G =
⋃
i∈I Gi of Lie groups Gi with smooth exponential function.
Assume that L(G) = lim
−→
L(Gi) as a locally convex space with limit maps
L(ηi) := Te(ηi), for the direct system ((L(Gi)i∈I , (L(ηji)i≤j) of locally convex
spaces. Then G = lim
−→
Gi in the category of Lie groups with smooth exponen-
tial function and smooth group homomorphisms.
Theorem D was the starting point for this work. It is a general strategy
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of infinite-dimensional Lie theory that one-parameter groups t 7→ expG(tv)
should be replaced with general smooth curves γ : [0, 1] → G with γ(0) = e
in classical proofs, which are represented on the Lie algebra level not by a
single element v ∈ g, but by an element in C∞([0, 1], g) (the left logarithmic
derivative of γ). Following this strategy, Theorems A and B can be consid-
ered as adaptations of Theorem D when G fails to be locally exponential, so
that smoothness of f ◦ expG cannot guarantee smoothness of f : G→ H .
Acknowledgement. The research was supported by Deutsche Forschungs-
gemeinschaft (DFG), project GL 357/9-1.
1 Preliminaries and Notation
Write N := {1, 2, . . . , } and N0 := N ∪ {0}.
1.1 We shall work with Ck-maps between open subsets of locally convex
topological vector spaces as introduced by Bastiani [2] for k ∈ N0 ∪ {∞} (a
setting which is also known as Keller’s Ckc -theory). More generally, consider
locally convex spaces E and F and a subset U ⊆ E which is locally convex
in the sense that each point of U has a convex neighbourhood in U . Follow-
ing [12], we say that a map f : U → F is Ck if f is continuous and there exist
continuous maps
d(j)f : U × Ej → F
for all j ∈ N with j ≤ k such that the following iterated directional derivatives
exist and are given by the right hand side:
(Dyj · · ·Dy1f)(x) = d
(j)f(x, y1, . . . , yj)
for all x in the interior of U and y1, . . . , yj ∈ E. As usual, C
∞-maps are
also called smooth. We refer to [3] and [12] for outlines of the corresponding
concepts of manifolds and Lie groups modelled on arbitrary locally convex
spaces (which need not satisfiy any completeness conditions). All Lie groups
and manifolds we consider may be infinite-dimensional, unless the contrary is
stated. Compare [18] for the case of sequentially complete modelling spaces,
[13] for differential calculus on Fre´chet spaces; see also [17]. If U is an open
subset of a locally convex space E, we identify its tangent bundle TU with
U × E, as usual. If M is a smooth manifold, we let πTM : TM → M be the
bundle projection. If f : M → U is a C1-map, we write df : TM → E for the
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second component of Tf : TM → U × E; thus Tf = (f ◦ πTM , df).
1.2 Every Lie group G acts smoothly on its tangent bundle from the left via
G× TG→ TG, (g, v) 7→ g.v := Tλg(v) for g ∈ G and v ∈ TG,
where λg : G→ G, x 7→ gx is left translation by g. Write g := L(G) := Te(G)
for the tangent space of G at the neutral element. If γ : [0, 1] → G is a C1-
curve, we define its left logarithmic derivative as
δ(γ) : [0, 1]→ g, t 7→ γ(t)−1.γ′(t),
where γ′(t) := Tγ(t, 1). Endow C([0, 1], g) with the compact-open topology.
Given k ∈ N0 ∪ {∞}, we equip C
k([0, 1], g) with the so-called compact-open
Ck-topology (the initial topology with respect to the maps Ck([0, 1], g) →
C([0, 1], g), γ 7→ γ(j) taking γ to its jth derivative for all j ∈ N0 with j ≤ k).
If each γ ∈ Ck([0, 1], g) arises as γ = δ(η) for a (necessarily unique) Ck+1-map
η : [0, 1]→ G with η(0) = e and the map
evol : Ck([0, 1], g)→ G, γ 7→ η(1)
is smooth, thenG is called Ck-regular. We mention that Ck-regularity implies
Cℓ-regularity for all ℓ ∈ N ∪ {∞} such that ℓ ≥ k. If G is C∞-regular (the
weakest regularity property), we simply say that G is regular. See [18], [10],
[12], and [19] for further information (cf. also [16]).
1.3 Consider a Lie group G which is the union of a directed system (Gi)i∈I of
Lie groups, as described in the introduction, with inclusion maps ηi : Gi → G
for i ∈ I and ηji : Gi → Gj for i ≤ j in I. Let E be the modelling space
of G and Ei be the modelling space of Gi, for i ∈ I. We say that a chart
φ : V → W ⊆ E of the smooth manifold G is a direct limit chart if e ∈ V
and the following holds:
(a) E =
⋃
i∈I Ei and Ei ⊆ Ej for i ≤ j in I; moreover the inclusion maps
λi : Ei → E and λji : Ei → Ej are continuous linear and E, with the
maps λi, is the direct limit locally convex space E = lim
−→
Ei of the direct
system ((Ei)i∈I , (λji)i≤j) of locally convex spaces.
(b) There are open e-neighbourhoods Vi ⊆ Gi and open 0-neighbourhoods
Wi ⊆ Ei such that φ(Vi) = Wi and φi := φ|Vi : Vi → Wi is a chart
for Gi, for each i ∈ I, and moreover V =
⋃
i∈I Vi and Vi ⊆ Vj (and
hence also Wi ⊆Wj) for all i ≤ j in I.
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Then the L(ηi) := Te(ηi) and L(ηji) := Te(ηji) are injective and L(G), with
maps L(ηi), is the locally convex direct limit of ((L(Gi))i∈I , (L(ηji))i≤j).
When convenient, we identify L(G) with E and L(Gi) with Ei using the
isomorphisms dφ|L(G) and dφi|L(Gi).
See [7] for generalities concerning direct limits of Lie groups and related top-
ics. In the case of ascending sequences G1 ⊆ G2 ⊆ · · · , direct limit charts
were defined and exploited in [6]. The case of uncountable index sets was
considered in [9].
2 Proof of Theorem A
To prove Theorem A, we write gi := L(Gi) for i ∈ I and abbreviate g := L(G)
and h := L(H). For i ∈ I, let ηi : Gi → G be the inclusion map and for
i ≤ j in I, let ηji : Gi → Gj be the inclusion map; all of these are group
homomorphisms and smooth. Abbreviate ψi := L(f |Gi) : gi → h. Since
f |Gi = f |Gj ◦ ηji, we have ψi = ψj ◦ L(ηji) for all i ≤ j in I. As g = lim
−→
gi
as a locally convex space, we deduce that there is a unique continuous linear
map ψ : g→ h such that
ψ ◦ L(ηi) = ψi for all i ∈ I.
Let φ : V →W ⊆ g be a direct limit chart for G. Thus V =
⋃
i∈I Vi with open
e-neighbourhoods Vi ⊆ Gi and W =
⋃
i∈I Wi with open 0-neighbourhoods
Wi ⊆ gi such that Wi ⊆ Wj and Vi ⊆ Vj for all i ≤ j in I (identifying gi with
L(ηi)(gi) ⊆ g as a vector space) and φ|Vi : Vi → Wi is a chart for Gi. We let
Q ⊆ W be an open 0-neighbourhood which is balanced (i.e., [−1, 1]Q ⊆ Q).
After replacing W with Q, the set V with φ−1(Q), the set Wi with Wi ∩ Q
and Vi with φ
−1(Wi ∩Q), we may assume that W is balanced. Then
(∀w ∈ W )(∃j ∈ I) [0, 1]w ⊆Wj. (2)
In fact, let w ∈ W . For each t ∈ [0, 1], we have tw ∈ W and find i(t) ∈ I
such that tw ∈ Wi(t). As the map [0, 1] → gi(t), s 7→ sw is continuous
and Wi(t) ⊆ gi(t) is open, t has a neighbourhood U(t) ⊆ [0, 1] such that
U(t)w ⊆ Wi(t). By compactness of [0, 1], there exist t1, . . . , tn ∈ [0, 1] such
that [0, 1] = U(t1) ∪ · · · ∪ U(tn). Let j ∈ I such that i(tk) ≤ j for all
k ∈ {1, . . . , n}. Then U(tk)w ⊆Wi(tk) ⊆Wj for each k and thus [0, 1]w ⊆Wj
(establishing (2)).
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Given x ∈ V , we define a smooth curve γx : [0, 1] → G with γx(0) = e and
γx(1) = x via
γx : [0, 1]→ G, t 7→ φ
−1(tφ(x)).
Now [0, 1]φ(x) ⊆Wj for some j ∈ I, by (2). Then γx(t) = (φ|
Wj
Vj
)−1(tφ(x)) ∈
Gj for all t ∈ [0, 1], and this is a smooth Gj-valued function of t. Thus
(∀x ∈ V )(∃j ∈ I) γx([0, 1]) ⊆ Gj and γx|
Gj ∈ C∞([0, 1], Gj).
For x and j as before, we obtain
f(x) = (f ◦ γx)(1) = (f |Gj ◦ γx|
Gj)(1) = evolH(δ(f |Gj ◦ γx|
Gj))
= evolH(ψj ◦ δ(γx|
Gj)) = evolH(ψ ◦ L(ηj) ◦ δ(γx|
Gj))
= evolH(ψ ◦ δ(ηj ◦ γx|
Gj)) = evolH(ψ ◦ δ(γx)). (3)
Note that h : V × [0, 1] → W ⊆ g, (x, t) 7→ tφ(x) is a smooth map, whence
also
h∨ : V → C∞([0, 1],W ) ⊆ C∞([0, 1], g), x 7→ h(x, ·)
is smooth (see [1, Theorem B]). Now C∞([0, 1], V ) is an open identity neigh-
bourhood in C∞([0, 1], G) and the map
C∞([0, 1], φ−1) : C∞([0, 1],W )→ C∞([0, 1], V ), γ 7→ φ−1 ◦ γ
is a C∞-diffeomorphism by the construction of the Lie group structure on
C∞([0, 1], G) (see, e.g., [12]; cf. [4]). Now δ : C∞([0, 1], G) → C∞([0, 1], g),
γ 7→ δ(γ) is smooth (see [10, Lemma 2.1]) and C∞([0, 1], g)→ C∞([0, 1], h),
γ 7→ ψ ◦γ is smooth (and continuous linear). Since φ−1 ◦h∨(x) = γx for each
x ∈ V , using (3) we see that
f |V = evolH ◦C
∞([0, 1], ψ) ◦ δ ◦ C∞([0, 1], φ−1) ◦ h∨
is smooth. Like every homomorphism between Lie groups which is smooth
on an open identity neighbourhood, f is smooth.
3 Proof of Theorem C
Proof of (a). The map φ from (1) is a direct limit chart for
⊕
j∈J Gj =⋃
Φ∈F
∏
j∈ΦGj, as
⊕
j∈J Vj =
⋃
Φ∈F
∏
j∈Φ Vj ,
⊕
j∈J Wj =
⋃
Φ∈F
∏
j∈ΦWj
and φ restricts to the chart
∏
j∈Φ
φj :
∏
j∈Φ
Vj →
∏
j∈Φ
Wj
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of
∏
j∈ΦGj around e, for each Φ ∈ F . Also note that the restriction of f to∏
j∈ΦGj with Φ = {j1, . . . , jn} is the map
∏
j∈Φ
Gj → H, (gj)j∈Φ 7→ f |Gj1 (gj1) · f |Gj2 (gj2) · . . . · f |Gjn (gjn),
which is smooth if and only if fj is smooth for all j ∈ Φ. Therefore all
assertions follow from Theorems A and B.
(b) Write πTM : TM → M for the bundle projection and let Γc(TM)
be the locally convex space of all compactly supported smooth vector fields
on M . Given a compact set K ⊆M , write ΓK(TM) for the Fre´chet space of
all smooth vector fieldsX : M → TM which are supported inK. Let Σ: U →
M be a local addition for M , i.e., a smooth map on an open neighbourhood
U ⊆ TM of 0M := {0p ∈ TpM : p ∈ M} such that Σ(0p) = p for all p ∈ M
and moreover the map
θ : U → M ×M, v 7→ (πTM(v),Σ(v))
has open image and is a C∞-diffeomorphism onto its image.1 We can (and
shall) assume, moreover, that TΣ|U∩TpM(0, ·) = idTpM for all p ∈ M . There
is an open subset
Ω ⊆ {X ∈ Γc(TM) : X(M) ⊆ U}
containing 0M such that Σ ◦X ∈ Diffc(M) for all X ∈ Ω and the map
φ : Ω→ Diffc(M), X 7→ Σ ◦X
has open image Ω′ and is a C∞-diffeomorphism onto its image. Then ΩK :=
Ω ∩ ΓK(TM) is an open subset of ΓK(TM) and the restriction φK to ΩK
has open image Ω′K = Ω
′ ∩ DiffK(M) and is a C
∞-diffeomorphism onto the
latter. Identifying Γc(TM) with TidM (Diffc(M)) by means of Tφ(0, ·) and
ΓK(TM) with TidM (DiffK(M)) by means of TφK(0, ·), the inclusion map
DiffK(M) → Diffc(M) has the inclusion map ΓK(TM) → Γc(TM) as its
tangent map at idM . Since
Γc(TM) = lim
−→K∈F
ΓK(TM)
1It is well-known that such local additions always exist; one can take the Riemannian
exponential map for a Riemannian metric on M and restrict it to a suitable open set U .
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as a locally convex space, we see that φ−1 is a direct limit chart for Diffc(M).
As Diffc(M) and the Lie groups DiffK(M) are regular (see, e.g., [11]), we can
apply Theorems A and B.
(c) Let E be the modelling space of F and φ : V → W ⊆ E be a chart
for F such that e ∈ V , φ(e) = 0 and dφ|L(F ) = idL(F ). Then C
k
c (M,V ) is an
open identity-neighbourhood in Ckc (M,F ); moreover, C
k
c (M,W ) is an open
0-neighbourhood in the locally convex space Ckc (M,E) and
Ckc (M,φ) : C
k
c (M,V )→ C
k
c (M,W ), γ 7→ φ ◦ γ
is a chart for Ckc (M,F ). For each compact subset K ⊆ M , this chart restricts
to the chart
CkK(M,φ) : C
k
K(M,V )→ C
k
K(M,W ), γ 7→ φ ◦ γ
of CkK(M,F ). We now identify Te(C
k
c (M,F )) with C
k
c (M,E) by means of
the restriction of dCkc (M,φ) to an isomorphism between the latter. Likewise,
using dCkK(M,φ) we identify Te(C
k
K(M,F )) with C
k
K(M,E). Then the tan-
gent map of the inclusion map CkK(M,F )→ C
k
c (M,F ) is the inclusion map
CkK(M,E)→ C
k
c (M,E). Since
Ckc (M,E) = lim
−→K∈K
CkK(M,E)
as a locally convex space, we see that Ckc (M,φ) is a direct limit chart for
Ckc (M,F ). Thus Theorem A applies and if C
k
c (M,F ) and each of the Lie
groups CkK(M,F ) is assumed regular, then also Theorem B applies. 
Remark. The regularity requirements in Theorem C (a) and (c) are satisfied
in the following situations:
(a) If k ∈ N0 and Gj is C
k-regular for each j ∈ J , then
⊕
j∈J Gj is a
Ck+1-regular Lie group (see [10, Corollary 13.6]) and hence regular.
(b) If F is a regular Lie group, then CkK(M,F ) is regular (this can be
shown like [10, Proposition 12.1]).
(c) If F is Ck-regular for some k ∈ N0, then C
k
c (M,F ) is C
k+1-regular
(see [10, Proposition 12.3]) and hence regular.
Classes of Lie groups which are Ck-regular for finite k can be found in [10] and
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[11].2 Notably, every Banach-Lie group is C0-regular (and hence each finite-
dimensional Lie group). Moreover, all direct limits of ascending sequences of
finite-dimensional Lie groups are C0-regular, and also all of the Lie groups
Diffc(M) and DiffK(M).
4 Proof of Theorem D
Let H be a Lie group with smooth exponential function and f : G→ H be a
homomorphism of groups such that f |Gi : Gi → H is smooth for each i ∈ I.
Then L(f |Gi) = L(f |Gj ◦ ηji) = L(f |Gj ) ◦ L(ηji) for all i ≤ j in I. By the
universal property of the direct limit, there is a unique continuous linear map
ψ : L(G)→ L(H) such that ψ ◦ L(ηi) = L(f |Gi) for all i ∈ I. For each i ∈ I,
expH◦ψ◦L(ηi) = expH◦L(f |Gi) = f |Gi◦expGi = f◦ηi◦expGi = f◦expG ◦L(ηi)
and thus expH(ψ(v)) = f(expG(v)) for all v ∈ L(ηi)(L(Gi)). As L(G) =⋃
i∈I L(ηi)(L(Gi)), we deduce that f ◦ expG = expH ◦ψ, which is a smooth
map. As expG is a local C
∞-diffeomorphism at 0, we deduce that f is smooth
on some open identity neighbourhood in G. Since f is a homomorphism,
smoothness of f follows. .
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